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0. INTRODUCTION 
The aim of this paper is to prove two theorems about modules over 
Laurent polynomial rings, namely, Theorems 2.1 and 2.2. Theorem 2.1 deals 
with the existence of basic elements in finitely generated modules over 
Laurent polynomial rings. Theorem 2.2 is a cancellation theorem for finitely 
generated projective modules over Laurent polynomial rings. 
These results are analogues of similar results over polynomial rings 
conjectured by Eisenbud and Evans in [2] and proved by Plumstead in his 
thesis [4]. 
Theorem 2.1 can be immediately reduced to the corresponding theorem in 
the polynomial case 14, Sect. III, Theorem 21. However, such a reduction is 
not available for Theorem 2.2. In this case we reduce our problem of 
cancellation of finitely generated projective modules over Laurent 
polynomial rings to a kind of cancellation problem for finitely generated 
torsion-free modules over polynomial rings (see Remark 2.5). 
1. NOTATION AND PREREQUISITES 
Throughout this paper R denotes a commutative neotherian ring. R[t] 
denotes the polynomial ring over R with t an indeterminate. R[t, t-‘1 will 
denote the Laurent polynomial ring. 
If M and N are R-modules and 1: M+ N an R-linear map, we can define 
an automorphism of M @ N by setting (m, n) -+ (m, n + A(m)) for m E it4 
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For a finitely generated R-module M and p a prime ideal, p&M) will 
denote the minimum number of generators of M, as an R,-module. Further, 
if m is an element of A4, then O”(m) denotes the ideal 
{L(m) 1 I: M-t R is an R-linear map}. 
Sometimes we shall omit the superscript M from O”‘(m). 
DEFINITION 1.1. If A4 is an R-module and m an element of M, then m is 
said to be a unimodular element of O”(m) = R. Further, if p is a prime ideal, 
then m is said to be basic at i if m 6Z PM,. m is said to be basic if it is basic 
at all primes of R. 
We remark here that a unimodular element is basic and in the case of 
finitely generated projective modules an element is unimodular iff it is basic. 
DEFINITION 1.2. If 9 E Spec(R) and d: 9 + {0, 1, 2 ,... } is a function, 
then for p, q E 9 define p < q iff p E q and d(p) > d(q). This defines a 
partial order on the set 9. Such a function is called a generalized dimension 
function if for any ideal q, V(q) n 9 has only finitely many minimal 
elements with respect to the ordering <<. 
EXAMPLE 1.3. If 9 c Spec(R) such that V(q) n 9 has only finitely 
many minimal elements for all ideal q, then define d(p) = dim(R/p) for all 
prime ideal p E 9’. Then d is a generalized dimension function on 9. 
EXAMPLE 1.4. If R is a commutative neotherian ring and s E rad(R) 
with dim(R/sR) < dim(R), then there is a generalized dimension function 
d: Spec(R[t]) + {0, 1, 2,...} such that d(p) < dim(R) for all p E Spec(R[t]). 
ProojI See [4, Sect. 1, Example 4 ]. 
Now we shall a theorem and a lemma from [4]. The theorem is an 
improved version of Eisenbud-Evans theorem on the existence of basic 
elements [3, Section 3, Theorem A(b)]. 
EISENBUD-EVANS THEOREM [4, p. 61. Suppose M is a jmitely generated 
R-module. Let 9 be a subset of Spec(R) and d: 9 -+ (0, 1,2,... ] be a 
generalized dimension function. Assume pp(M) > 1 + d(p) for all p E 9. Let 
(r, m) E R @M be basic at all primes p E 9. Then there is an element m’ of 
M such that m + rm’ is basic at all primes p E 9. 
PLUMSTEAD LEMMA [4, Sect. II, Lemma 21. Let M and M’ be finitely 
presented R [t]-modules. Let s, , s1 E R be such that Rs, f Rs, = R and MS+> 
is extended from RSIS2. Let ai: MiiT Msi be isomorphisms for i = 1, 2 
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satisfying (a&’ (cQ)~~ = Id (mod t). Then there is an isomorphism 
8: M’ 5 it4 with Bsi G ai (mod t). 
We conclude this section by stating a well-known result: 
THEOREM 1.5. Let P be a finitely generated projective R-module. If (r, p) 
is a basic element in R 0 P at all primes of R, then there is an element q E P 
such that height (O(p + rq)) > rank(P). 
Proof. It follows from the remark following [3, Sect. 3, Theorem A], 
taking t = rank(P) - 1. 
2. THE MAIN THEOREMS 
THEOREM 2.1. Let A4 be a finitely generated R [t, t - ’ ]-module with 
P&V > dim@ [t, t - ’ I/P), f or each minimal prime p of R [t, t- ‘1. Then there 
is an element m of M, which is basic at all primes. 
Proof. Let M’ be a finitely generated R [t]-submodule of M such that 
M; = M. If p is a minimal prime of R [t], then pI is a minimal prime of 
R [t, t-l]. Further, dim(R[t, t-‘I/p,) = dim(R[t]/p) and Mb = M,,. So we 
have ,u&M’) > dim(R[t]/p) for each minimal prime p of R[t]. So there is an 
element m E M’ which is basic in M’ at all primes of R [t] [4, Sect. III, 
Theorem 21. It follows that m is basic in M at all primes of R[t, t-l]. 
THEOREM 2.2. Let P and P’ be finitely generated projective R [t, t-l]- 
modules with rank(P) > d + 1, where d is the dimension of R. If 
P@R[t,t-‘]zP’@R[t,t-‘1, then PzP’. 
Before going into the proof of Theorem 2.2, we prove a lemma. 
LEMMA 2.3. If q is an ideal in R[t, t-‘1 of height dim(R) + 1, then q 
contains an element g(t) such that g(t) = 1 t tg’(t) for some g’(t) E R [t]. 
ProoJ: We may assume that q is a root ideal. Suppose q = 
w-m - n p,., where pi is prime and height (pi) = dim(R) t 1 for i = 1 to 
r. If pf =p,.nR[t-‘1, then height (pj)=dim(R)+ 1 as an ideal in R[t-‘1. 
So p; contains a manic polynomial in t-’ for i = 1 to r [ 1, Sect. 4, 
Lemma 31. Hence q n R[t-‘1 = p; n . . . n p; contains a manic polynomial 
in t-‘. Hence by multiplying it by a suitable power of t we get q contains an 
element of the desired type. 
Proof of Theorem 2.2. We can assume that R is reduced. Let 
q:R[t,t-‘]@P’z R[t, t-l]@ P be an isomorphism and let p(l,O) = 
(a(t),p). Without loss of generality we may assume a(t) E tR [t]. By 
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Theorem 1.5 there is a q E P such that if p’ =p + a(t) q, then height 
(O(p’)) > d + 1. Again by Lemma 2.3, there exists g’(t) E R[t] such that 
1 + [g’(t) E O(p’). Let A,: P + R [t, t-l] be an R [t, t-’ ]-linear map such that 
Il,(p’) = 1 + fg’(t) and let 4 denote the map R[t, t-l]--+ P such that &l) = q. 
Let w be the composite isomorphism given by the following diagram. 
R(t, t-‘1 R[t, t-‘1 ===R[t, t-l]= R [t, t - ’ ] 
0 4 0 0 -II / 0 
P’ P= P======= P 
(LO) - W),P) - W),P’) - (1 + rg’(t) + a(t), P’>. 
Then w( 1,O) = (1 + tg’(t) + a(t),p’). Replacing p’ by p and 1 + tg’(t) + u(t) 
by u(t), we have an isomorphism v: R[t, t-‘1 BP’ + R[t, t-l] @P such that 
u/t 170) = (4~)~ P> and u(t) = 1 + tb(t) for some b(t) E R[t]. Again since 
1 + tg’(t) E O(p), g(t) = t + t*g’(t) E O(p). Suppose 1,: P+R[t, t-‘1 be an 
R[t, t-‘]-linear map such that l,(p) =g(f). Let p1 = t-‘p. Choose 
pz ,..., pr E P such that p,, pz ,..., p,. form a system of generators of P and 
A,(pi) E R[t] for i = 1 to r. 
Let M= Ci=i R[t]p, and let A,: M + R [t] be the restriction of A, to M. 
Then g(t) = A,(p) E O”(p). So we have 
(1) M is a finitely generated R [ t]-submodule of P and M, = P. 
(2) g(t) = 1 + r’g’(t) E O”(p). 
(3) p E t . M and a(t) = 1 + tb(t) for some b(t) E R [t]. 
(4) p&M) > d + 1 for all p E Spec(R [t]). 
(5) (u(t),p) is unimodular in R [t] @ M and hence basic at all primes 
of R[t]. 
(l)--(3) follows by choice. If p E Spec(R[t]) and p’ is a minimal prime 
contained in p, then pi is a minimal prime in R [ t, t - ’ 1. And M,, = P,,;. SO 
p,(M) > ,uu,,(M) > p,;(P) > d + 1. Hence (4) holds. 
For (5) first note that a(t) E ORifl@M((u(t),p)). Now (u(t),p) is 
unimodular in R [t, t-‘1 @ P, i.e., 1 E ORt’,‘-“OP((a(f),p)), it follows that 
t” E oR[‘1y(u(t),p)) f or some n > 1. Hence R [t] = R [t] u(t) + R [t] t” E 
OR1”“M((u(t),p)). So, (a(t),p) is unimodular in R [t] 0 M. 
Write M’ for R [t] @ M/R [t](u(t),p). Then the sequence 
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M; z 
R[t, t-‘1 0 P 
R[t, t-‘](a(t),p) = p’* 
Since iWt % P, it is enough to prove that M’ z M. 
Now M’ being a direct summand of R [t] @M, M’ is torsion-free (i.e., 
non-zero divisors of R [t] act as non-zero divisors of M’). 
Suppose j.?: M -+ M’ is the natural map. Let barring denote “modulo t.” 
Then /?z $?S M’ = R @ G/R( 1,0) is the natural isomorphism. 
Let S = {r~$ Rlr is not a zero divisor}. Then R,[t] rz (k, X ..a X k,)[t], 
where k,, k, ,..., k, are fields. Since M, and ZV& are torsion-free over R,[t], 
they are extended from R,. Then we have s, E S such that M,, and Mi, are 
extended. It follows that there is an isomorphism ai: M;, -+ MS, such that 
a, =&ii’. 
Let S’ = 1 + Rs,. Then s, E rad(R,,) and dim(R,,/s,R,,) < dim(R,,). By 
Example 1.4 there is a generalized dimension function y: Spec(R,,[t]) + 
(0, 1,2,...} such that y(p) < dim(R,,) < d for all p E Spec(R,,[t]). If D(t) 
denotes the set of all p E Spec(R,,[t]) with t @ p and y’ the restriction of y to 
D(t), then y’ is a generalized imension function on D(t). Since (a(t),p) is 
unimodular and hence basic in R,,[t] @ M,, at all p in D(t), we have 
(t’a(t),p) is basic at all p E: D(t). Further &M,,) > y(p) + 1 for all 
p E D(t). By an application of the Eisenbud-Evans theorem, there is a 
q E M,, such that p’ =p + t*a(t) q is basic in M,, at all p ED(t). As a 
consequence p’ is unimodular in P,, = (M,,),. Therefore t” E 0”‘s’ (p’) for 
some n 2 1. Moreover, by (2), g(t) = t + t’g’(t) E O”‘s’(p). Since p’ = 
p + t’s(t) q, it follows t + t*g”(t) E OMs’(p’) for some polynomial g”(t), 
which shows that f E O“‘s,(p’) and hence I - u(t) CZ O”s’(p’). 
If kM,,+ R,,[t] is a homomorphism such that A(p’) = 1 -a(t), let 
6: R,,[t] @ M.Y, + R,,[t] @IV,, be the composite isomorphism given by the 
following diagram. 
R,,[t] = Rs,Ltl = R,,[t] - R,,[t] 
M,! = MS, = M,, = MS, 
@O)vP) - (@),P’) - (LP’) - (110) 
Then &(a(t),p)) = (1,O) and since p’ E tM,, , 6 is given by the diagram 
R S’ =R S’ 
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0-Rs,[t] (‘,O) ~(R[t]OM),!-M,, -0 
In this diagram the rows are split exact. If we reduce module t, we get the 
following commutative diagram with split exact rows. 
O- R,, (‘*‘) ,(R@@),,-&--+0 
I Id IpI I”’ 
O- R,, (‘,O) b (R @Ii?),, - fi, - 0 
If we identify i&, and i@sj by Es,: E,, Ej i&, , we have the following 
commutative diagram. 
O- R,, (lqo) b (R @ I@), , - I@,> - 0 
I ‘d 11 ;/ 11 I”P& 
0- R,, (‘*O) b(R@ii?),,-Es,-0 
Here both the exact sequences consist of natural maps. So it follows that 
6, o &, = Id. We can find s, E S’ and an isomorphism 01~: Mi, 5 MS, such 
that ti, 0 psjs2 = Id. 
Since Rs, + Rs, = R, MS, is extended, E, = js;’ and E, . ps, = Id, we can 
apply the Plumstead lemma to the isomorphisms (xi: Mii% MS,, i = 1,2, to 
conclude that M’ and M are isomorphic. Hence P’ and P are isomorphic. 
COROLLARY 2.4. Let P, Q be finitely generated projective R It, t -‘I- 
modules with ,u&P) > dim(R [ t, t - ’ l/p) for all minimal primes p of R [t, t - ’ 1. 
ZfP@QzP’@Q, then PzPp’. 
Proof: We can assume R is reduced and Q = R [t, t-l]. Then R = R , X 
R, x . . . x R,, R i has no nontrivial idempotent. Suppose ei is the unit of Ri 
for i = 1 to r. Now R [t, t- ‘1 = (R 1 x . . . x R,)[t, t-‘I. Since Ri[t, t-‘1 has 
no nontrivial idempotent, Spec(R,[t, t-l]) is connected. Hence eiP has 
constant rank > dim(R,) + 1. As e,P@ Ri[t, t-‘] z eiP’ 0 Ri[t, t-‘1, by 
Theorem 2.2, e,P z eiP’ for i = 1 to r. Hence P z P’. 
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Remark 2.5. In the proof of Theorem 2.2 we have seen that the 
following kind of cancellation holds for finitely generated torsion-free 
modules over polynomial rings: 
If M is a finitely generated torsion-free module over R [t] and (a(t), p) is a 
basic element in R [t] 0 M at all primes of R [t] such that 
(1) p E tit4 and a(t) = 1 + tb(t) for some b(t) E R [t]. 
(2) There is g’(t) in R[t] such that g(t) = t + t’g’(t) E O”(p). 
(3) ,u,(M) > d + 1 for all p E Spec(R [t]), where d = dim(R). 
(4) (a(t),p) is unimodular in R [t] @ M. 
(5) Mf is projective. 
Then R[t]@M/R[t](a(t),p)zM. 
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